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An analytical framework based on the homogenization method has been developed to predict the effec-
tive electromechanical properties of periodic, particulate and porous, piezoelectric composites with
anisotropic constituents. Expressions are provided for the effective moduli tensors of n-phase composites
based on the respective strain and electric ﬁeld concentration tensors. By taking into account the shape
and distribution of the inclusion and by invoking a simple numerical procedure, solutions for the electro-
mechanical properties of a general anisotropic inclusion in an anisotropic matrix are obtained. While ana-
lytical forms are provided for predicting the electroelastic moduli of composites with spherical and
cylindrical inclusions, numerical evaluation of integrals over the composite microstructure is required
in order to obtain the corresponding expressions for a general ellipsoidal particle in a piezoelectric
matrix. The electroelastic moduli of piezoelectric composites predicted by the analytical model devel-
oped in the present study demonstrate excellent agreement with results obtained from three-dimen-
sional ﬁnite-element models for several piezoelectric systems that exhibit varying degrees of elastic
anisotropy.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectricmaterialswith their unique electromechanical cou-
pling characteristics have been researched extensively for several
decades. Limitations of monolithic piezoelectric materials (e.g.,
environmental concerns of lead-based systems and/or brittleness)
have led to the recent research on alternate piezoelectric materials
and composite piezoelectric materials. It has been demonstrated
that the composite approach (i.e., the additive approach to create
two phase composites or the subtractive approach to create porous
piezoelectrics) can be invoked successfully to tailor the overall elas-
tic, piezoelectric and dielectric properties of piezoelectric materials.
A combination of analytical modeling, numerical modeling and
experiments (Xu et al., 2005; Haun and Newnham, 1986) have
been invoked to understand the properties of several classes of pie-
zoelectric composite materials. Most of the analytical models that
have been developed for predicting the properties of piezoelectric
composites invoke one of the following three approaches: (i) sim-
ple mechanics/micromechanics approach; (ii) Eshelby-type ap-
proach for ellipsoidal inclusions in a piezoelectric matrix; and
(iii) homogenization-based approach for periodic composites.The earliest micromechanics-based models that were devel-
oped to explain the behaviour of piezoelectric composites were
based on the ‘‘series’’ – ‘‘parallel’’ type formulation (Hashimoto
and Yamaguchi, 1986) of Banno (1987) which provided a good
approximation for the electromechanical behavior of 2–2 type lay-
ered composites. The next attempt to characterize the behaviour
piezoelectric composites was made by Levassort et al. (1997,
1998, 1999) where they extended the matrix method of Hashimoto
to solve for the effective electromechanical properties of 1–3, 0–3,
and 3–3 type piezoelectric composites. However, the models they
developed were quite simplistic and provided good estimates for
a limited number of geometric conﬁgurations of inclusions embed-
ded in a piezoelectric matrix. Topolov and Bowen provided a model
to predict the behaviour of 0–3 type porous piezoelectric compos-
ites and 3–3 type piezoelectric composites (Bowen and Topolov,
2003). Kar-Gupta and Venkatesh also developed simple microme-
chanics models to predict the electromechanical properties of
1–3 type long-ﬁber piezoelectric composites (Kar-Gupta and
Venkatesh, 2007) and 2–2 type layered composites with aniso-
tropic constituents as well (Kar-Gupta and Venkatesh, 2013).
Amongst the models that were developed following the Eshel-
by-type approach, early work was focused on extending the Eshel-
by’s solution (Eshelby, 1957) for anisotropic piezoelectric
inclusions in the elastic domain (Hill, 1961; Walpole, 1967;
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form solution for the components of the Eshelby tensor was not
obtained. Consequently, a numerical scheme was employed to
solve for the components of the Eshelby tensor for an anisotropic
system (Gavazzi and Lagoudas, 1990). Prior work done by Deeg
(1980) and Wang (1992) was extended by Dunn and Taya
(1993a) to obtain a solution for the piezoelectric inclusion
problem. An alternate solution to the inclusion problem was pre-
sented by Benveniste (1992) and Chen (1993) who extended the
generalized solution of Hill and Walpole. Dunn and Taya (1993a),
Benveniste (1992) and Chen (1993) obtained the four tensors that
comprise the equivalent of the Eshelby tensor in the piezoelectric
domain. However, they did not provide explicit closed-form
expressions for them. Dunn and Wienecke (1997) and Dunn and
Taya (1993b) gave the explicit forms for the equivalent Eshelby
tensor in terms of a surface integral over a unit sphere, which
had to be evaluated numerically. Mikata (2001) derived explicit
solutions for the components of the Eshelby tensor by solving a
special bi-cubic equation (Mikata, 2000) which was specialized
for the case of spheroidal inclusions.
Several analytical models that predict the electromechanical
properties of piezoelectric composites by invoking homogenization
techniques have also been developed. Challagulla and Venkatesh
(2009) formulated an asymptotic homogenization method to ob-
tain the complete electromechanical properties of 2–2 type layered
composites with anisotropic constituents. They studied two classes
of layered piezoelectric composites (i.e., longitudinally layered and
transversely layered) to obtain the effective properties in the limits
of both large-volume (i.e., bulk) and small-volume (i.e., thin-ﬁlm)
systems. An extension of the asymptotic homogenization method
to obtain the properties of 1–3 type long-ﬁber piezoelectric com-
posites with transversely isotropic constituents was presented in
the works of Bravo-Castillero et al. (2001). Bisegna and Luciano
(1996, 1997) provided variational bounds to estimate the homog-
enized properties of piezoelectric composites as well. Hori andTable 1
A summary of the analytical and numerical models developed to predict the electromech
Existing models developed to predict the effective properties of piezoelectric compos
Particulate composites
Analytical models Transversely
isotropic
Dunn and Taya (Dunn and Taya,
1993a)
Mikata (Mikata, 2001)
Anisotropic Banno (Banno, 1987)
Hori and Nemat-Nasser (Hori and
Nemat-Nasser, 1998)
Bowen and Topalov (Bowen and
Topolov, 2003)
Present Model
Numerical models Transversely
isotropic
Kar-Gupta and Venkatesh (Kar-Gupta
et al., 2008)
Anisotropic Kar-Gupta and Venkatesh (Kar-Gupta
et al., 2008)
Iyer and Venkatesh (Iyer and
Venkatesh, 2010)Nemat-Nasser (1998) have obtained Hashin–Shtrikman type exact
bounds for electroactive composites. The bounds presented by
them are general and apply to non-linear constituent phases
although exact solutions are not provided for the fully anisotropic
matrix-particle material property tensors.
Finite-element based models were developed by Pettermann
and Suresh (2000) and Berger et al. (2005), to predict the behaviour
of piezoelectric composites with long ﬁbers (1–3 type). Kar-Gupta
and Venkatesh developed three-dimensional ﬁnite element models
to predict the effective electromechanical response of particulate,
short-ﬁber, long-ﬁber, layered, and interpenetrating networked
(additive) composites with anisotropic constituents. Kar-Gupta
and Venkatesh also invoked ﬁnite element models to study the
behavior of (3–1 type) ‘longitudinally porous’ and ‘transversely
porous’ piezoelectric materials and demonstrated that the shape
of porosity and the distribution of porosity had a signiﬁcant inﬂu-
ence on the piezoelectric ﬁgures of merit in ‘transversely’ porous
piezoelectric systems. Marcheselli and Venkatesh (2008) invoked
ﬁnite element models to predict the effective properties of
piezoelectric materials embedded with hollow ﬁbers. Iyer and
Venkatesh (2010) developed three-dimensional ﬁnite element
models to examine the effects of porosity connectivity and porosity
shape on the effective electromechanical response of porous piezo-
electric materials and demonstrated that piezoelectric materials with
3–0 type closed pores with smaller aspect ratios exhibited signiﬁ-
cantly enhanced ﬁgures of merit as compared to materials with
3–1 type open pores. Furthermore, Challagulla and Venkatesh
(2012) have developed ﬁnite element models to predict the properties
of piezoelectric foam structures with 3–3 type open porosity as well.
A summary of the existing analytical and numerical models
developed to study the effective response of periodic piezoelectric
composites is presented in Table 1.
In summary, several analytical models have been developed to
predict the fundamental properties of select classes of piezoelectric
composite materials such as those that exhibit transverse isotropy.anical response of three types of piezoelectric composites.
ites.
Long-ﬁber composites Laminate-composites
Dunn and Taya (Dunn and Taya,
1993b)
Otero et al. (Otero et al., 2005)
Mikata (Mikata, 2000)
Bravo-Castillero et al. (Rodríguez-
Ramos et al., 2001)
Banno (Banno, 1987) Banno (Banno, 1987)
Hori and Nemat-Nasser (Hori and
Nemat-Nasser, 1998)
Lee (Lee, 1990)
Hori and Nemat-Nasser (Hori and
Nemat-Nasser, 1998)
Bowen and Topalov (Bowen and
Topolov, 2003)
Chen et al. (Chen et al., 2002)
Bowen and Topalov (Bowen and
Topolov, 2003)
Kar-Gupta and Venkatesh (Kar-Gupta
and Venkatesh, 2007)
Challagulla and Venkatesh (Challagulla
and Venkatesh, 2009)
Present model Present model
Pettermann and Suresh (Pettermann
and Suresh, 2000)
Kar-Gupta and Venkatesh (Kar-Gupta
and Venkatesh, 2008)
Kar-Gupta and Venkatesh (Kar-Gupta
and Venkatesh, 2005)
Pettermann and Suresh (Pettermann
and Suresh, 2000)
Wang (Wang, 2004)
Kar-Gupta and Venkatesh (Kar-Gupta
and Venkatesh, 2008)
Kar-Gupta and Venkatesh (Kar-Gupta
et al., 2008)
Iyer and Venkatesh (Iyer and
Venkatesh, 2011)
Fig. 1. Schematic illustration showing: (a) an inﬁnite piezoelectric body with
periodic distribution of long cylindrical ﬁbers and (b) a square unit-cell occupying
volume X.
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developed to predict the electromechanical properties of piezo-
electric composites with anisotropic constituents. (A list of piezo-
electric materials that exhibit varying degrees of elastic and
piezoelectric anisotropy is presented in Table 2). However, an ana-
lytical model that provides explicit closed-form solutions to the
most general problem of a piezoelectric composite with aniso-
tropic particulate constituents is not yet available.
Hence, the objectives of the present study are: (i) To develop an
analytical framework for predicting the complete elastic, dielectric
and piezoelectric properties of piezoelectric composites with
anisotropic constituents; (ii) To validate the analytical model with
a ﬁnite element model for a range of piezoelectric composites that
exhibit varying degrees of elastic anisotropy and piezoelectric
activity.
In the present study, the homogenization method introduced by
Michel et al. (1999) is invoked to predict the electromechanical
properties of piezoelectric composites with anisotropic constitu-
ents. This method has been successfully used to predict the
homogenized properties of ﬁber-reinforced elastomers with peri-
odic microstructures by Brun et al. (2007).
The present work is outlined as follows, Section 2 presents the
mathematical formulation of the piezoelectric problem, the consti-
tutive equations, and the periodic ﬁelds. Section 3 highlights the
concepts that have been invoked to solve the equilibrium equa-
tions with the approximation of piece-wise constant polarization
ﬁelds that are introduced to simplify the equations for the strain
and the electric ﬁeld and expressions for the effective electrome-
chanical properties are provided in terms of the concentrations
tensors. The details of the three-dimensional ﬁnite-element model
invoked in the present study to predict the effective properties of
periodic piezoelectric composites, are provided in Section 4. The
results of the analytical model developed in the present study
are compared to those of the ﬁnite element model for four piezo-
electric composite systems that exhibit varying degrees of anisot-
ropy in Section 5. Key conclusions from the present study are
presented in Section 6.2. Preliminaries on piezoelectric composites with periodic
microstructure
Consider an inﬁnitely large composite made up of aligned long
cylindrical ﬁbers/pores distributed periodically in a piezoelectric
matrix phase (Fig. 1). It is assumed here when discussing ‘effective
properties’ that there is a separation of length-scales within the
problem. The local or microscopic scale is one where the heteroge-
neities can be identiﬁed separately. The macroscopic or overall
scale is one where the heterogeneities can be ‘averaged-out’. ATable 2
A list of piezoelectric materials that belong to different crystal symmetry classes and
exhibiting varying degrees of elastic anisotropy (Nitsche, 1965; Bengisu, 2001).
Material Crystal symmetry class
1 Bismuth Germanate⁄ 23 and 43m
2 Barium Titanate+ 4mm
3 PVDF+ 6mm
4 PZT- 7A+ 1mm
5 Ammonium Dihydrogen Phosphate+ 42m
6 Tellurium Dioxide+ 422
7 Cadmium Sulﬁde+ 4mm
8 Barium Sodium Niobate$ mm2
9 Rochelle Salt$ 222
10 Lithium Niobate# 3m
Degree of elastic anisotropy: ⁄ – Cubic; + – Transversely isotropic; $ – Orthotropic;
# – Anisotropic.given sample of this material is assumed to occupy a volume X,
with boundary @X. The effective properties at the macroscopic
scale are determined using geometric and material data of an
appropriate representative volume element or unit cell. The inﬁ-
nitely large composite can be generated by adding contiguously
the unit cell in all three directions.
In the remainder of the paper, symbolic and Einstein index
notation is used to represent ﬁeld variables (scalars, vectors, and
tensors). In symbolic notation, a vector or tensor is represented
by a bold face letter. In index notation, partial differentiation is de-
noted by a ‘comma’, e.g., the divergence of stress using symbolic
and indicial notation would be given, respectively, by, $  r ¼ rij;j
where repeating indices imply a summation.
A material point within the given specimen is denoted by x (at
the microscopic level). The inﬁnitesimal strain tensor, e, at x for a
displacement ﬁeld, u and the electric ﬁeld, E, in terms of a scalar
electric potential / are deﬁned as:
eij ¼ 12 ðui;j þ uj;iÞ; En ¼ /;n ð1Þ
The constitutive behaviour of the matrix and the cylindrical ﬁbers is
assumed to be linear elastic and characterized by the stored-energy
functions, W ð1Þ and W ð2Þ, respectively. The two functions are taken
to be convex functions of the strain (e) and electric ﬁeld (E), so that
the local energy function of the composite may be written as:
Wðx; e;EÞ ¼ ð1 vðxÞÞW ð1Þðx; e;EÞ þ vðxÞW ð2Þðx; e;EÞ ð2Þ
where v is known as the characteristic function, equal to 1 if the po-
sition vector x is inside phase r and zero otherwise and describes
the distribution of the phases (i.e., the microstructure). Taking pie-
zoelectricity as a linear phenomenon, the work function,
W ðrÞðr ¼ 1;2Þ, is assumed to be a convex function. The local consti-
tutive behaviour for the constituent phases in the piezoelectric
composite can be derived from the convex work energy function,
W ðrÞðe; EÞ ¼ 12 LðrÞijkleðrÞij eðrÞkl  eðrÞkijEðrÞk eðrÞij  12jðrÞij EðrÞi EðrÞj as:
r ¼ @W
@e
ðx; e;EÞ and D ¼ @W
@E
ðx; e;EÞ ð3Þ
where, r is the Cauchy stress tensor and D is the electric displace-
ment vector. The effective stored energy function, fW , of the two-
phase piezoelectric composite under the separation of length-scales
hypothesis is given by,
fW ðx; e;EÞ ¼ min
e2KðeÞ
max
E2J ðEÞ
X2
r¼1
cðrÞhW ðrÞðx; e;EÞiðrÞ ð4Þ
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electric ﬁelds given by K and J , such that:
KðeÞ ¼ fej with e ¼ 1
2
ð$uþ $uTÞ in X; u ¼ ex on @Xg ð5Þ
and
J ðEÞ ¼ fEj with E ¼ r/ in X; / ¼ E  x on @Xg ð6Þ
In all the expressions presented above, the triangular brackets hi
and hiðrÞ denote, respectively, the volume averages over the speci-
men, (X), and the phase r (XðrÞ). The scalars, cð1Þ and cð2Þ denote
the volume fractions of the two constituent phases of the periodic
composite. It is also important to note that the average electroelas-
tic energy, fW , stored in the ﬁber-reinforced composite when sub-
jected to an afﬁne strain and electric ﬁeld (Hill-type boundary
data (Hill, 1963)) is consistent with the condition hei ¼ e and
hEi ¼ E. The following is the equivalent statement of Hill’s lemma
for the case of piezoelectric constituent phases,
hr : ei ¼ hri : hei and hD  Ei ¼ hDi  hEi ð7Þ
From the arguments presented above we can then say that the mac-
roscopic constitutive behaviour for composite can then be ex-
pressed by:
r ¼ @
fW
@e
ðx; e;EÞ and D ¼ @
fW
@E
ðx; e;EÞ ð8Þ
where r ¼ hri and D ¼ hDi are the average stress and the average
electric displacement in the ﬁber-reinforced composite, respec-
tively. The variational problem for electroelastic composites in the
linear elastic domain (4) with periodic microstructure can be ex-
pressed explicitly as follows:
fW ðx; e;EÞ ¼ min
e2KðeÞ
max
E2J ðEÞ
1
jXj
Z
X
Wðx; e;EÞdx ð9Þ3. Suquet estimates for linear piezoelectric constituents
Based on the framework presented in the previous section, the
main objective of the current study is to provide explicit homoge-
nization estimates for the electromechanical properties of a peri-
odic distribution of particulate inclusions/exclusions of arbitrary
geometrical shape in a general piezoelectric matrix phase of aniso-
tropic material symmetry. This is accomplished by extending Su-
quet’s homogenization estimates (Michel et al., 1999) to the
domain of periodic piezoelectric composites. This method has al-
ready been applied to elastic materials and provides good esti-
mates for the effective properties of composite materials withFig. 2. Schematic representation of the microstructures showing: (a) a square distributioperiodic microstructure. This section outlines the basic framework
of how the Suquet estimates have been used to derive estimates for
effective electromechanical constants. Making use of the results
provided by Suquet for two-phase composites with periodic micro-
structure (Fig. 2), an estimate for the overall stored-energy func-
tion, fW , is provided using the volume fraction of the ﬁbres, cð2Þ,
with stored-energy function,W ð2Þ, distributed periodically in a pie-
zoelectric matrix with stored-energy function, W ð1Þ.
The linear constitutive equations can be derived from (3) and
are written as:
rij ¼ Lijklekl þ ekij/;k ð10Þ
Dk ¼ ekijeij  jki/;i ð11Þ
The above relations (10) and (11) characterize the complete electro-
mechanical response of a piezoelectric composite. The tensors, L; e,
and j, respectively, denote the fourth-rank elastic modulus tensor
with major and minor symmetry, the piezoelectric constant tensor
with minor symmetry in i and j, and the dielectric constants tensor
with major symmetry. Latin indices have been employed in the der-
ivation of the present model with all indices ranging from 1 to 3.
The piezoelectric composite has to satisfy the following equilibrium
equations:
@rij
@xj
¼ rij;j ¼ 0 and @Dk
@xk
¼ Dk;k ¼ 0 ð12Þ
which, respectively, ensure mechanical equilibrium and the ab-
sence of free charge. In addition to the equilibrium equation, the
jump conditions for stress and electric displacement across the
boundary interface @X, given by: ½r  n ¼ 0 and ½D  n ¼ 0, on
the opposite sides of @X must be satisﬁed.
Substituting the constitutive Eqs. (10) and (11) for stress and
electric displacement into Eq. (12) and using the deﬁnition for
inﬁnitesimal strain and electric ﬁeld, the equilibrium and charge-
free condition can be written in terms of the material property ten-
sors as,
½LijklðxÞekl;j þ ½ekijðxÞ/;k;j ¼ 0 ð13Þ
½eiklðxÞekl;i  ½jikðxÞ/;k;i ¼ 0 ð14Þ
Note the argument x in the above equations denotes the depen-
dence of the fundamental material constants on the position vector
in the representative volume element.
At this point it is useful to introduce a homogeneous reference
medium with constant properties (Lð0Þ; eð0Þ;jð0Þ) and polarization
ﬁelds deﬁned by, sðLÞ ¼ ½LðrÞ  Lð0Þe; sðCEÞ ¼ ½eðrÞ  eð0ÞE; sðCeÞ ¼
½eðrÞ  eð0Þe; sðjÞ ¼ ½jðrÞ  jð0ÞE. The superscripts ðCEÞ and ðCeÞn of long cylindrical pores, and (b) hexagonal distribution of long cylindrical pores.
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(14) with the electric ﬁeld and strain, respectively. The form of
the equilibrium equations for stress and the Maxwell equation
for electric displacement, on the introduction of the reference
medium and the polarization ﬁelds are given by:
Lð0Þijmnum;nj þ eð0Þkij /;kj þ ½sðLÞij þ sðCEÞij ;j ¼ 0 ð15Þ
and
eð0Þikl uk;li  jð0Þik /;ki þ ½sðCeÞi  sðjÞi ;i ¼ 0 ð16Þ
The local problem for the displacement and electric potential can be
split into its overall and periodic parts such that u ¼ u0 þ u and
/ ¼ /0 þ /, where the quantities with superscript ðÞ0 and ðÞ de-
note the average and periodic components of the overall ﬁelds,
respectively. Here, we have used the periodicity of the micro-struc-
ture in order to be able to re-write the equilibrium equations for the
stress and electric displacement as a super-position of the two
strain states, the periodic strain at the microscopic level and the
overall strain at the boundary of the inﬁnite medium. It is important
to note that the volume average of the periodic strain and electric
ﬁeld is zero, i.e., the periodic strain and electric ﬁeld are anti-sym-
metric across the boundaries of the representative volume element
(RVE) (Michel et al., 1999). Re-writing the stress equilibrium equa-
tion by decomposing the overall strain and electric ﬁeld, we note
that the far-ﬁeld strain and electric ﬁeld (which are constants) sat-
isfy the following equation,
L0ijmnu
0
m;nj þ e0nij/0;nj ¼ 0 and eð0Þimnu0m;ni  jð0Þin /0;ni ¼ 0 ð17Þ
The solution for the periodic strain and electric ﬁeld are outlined in
the following sub-section.
3.1. Periodic Green’s operators
To simplify the above equations we introduce, respectively, the
stress and electric displacement polarization ﬁelds s and t such
that: sij ¼ sðLÞij þ sðCEÞij and ti ¼ sðCeÞi þ sðjÞi which in terms of the
material property tensors is given by,
sij ¼ DLijklekl þ Deijk/;k ð18Þ
ti ¼ Deijkejk þ Djik/;k: ð19Þ
Eqs. (15) and (16) should be solved for the periodic strain and elec-
tric ﬁeld such that the stress equilibrium and Maxwell’s equation
for a representative volume element are satisﬁed. The divergence
of the stress and electric displacement in the form given by Eqs.
(15) and (16) can be solved for the strain and electric ﬁeld by taking
the Fourier transform and solving for the periodic Green’s operators
(Michel et al., 2001; Brun et al., 2007; Bonnet, 2007). Note that the
method of Fourier transform to pass the above equations to Fourier
space is made possible by the introduction of the reference medium
with constant electromechanical properties. Substituting Eqs. (18)
and(19) using the newly deﬁned polarizations ﬁelds s and t in
Eqs. (15) and (16) give the following relations (in Fourier space):
Kikcuk  qic/ þ injcsij ¼ 0 ð20Þ
qicuk þ pc/ þ inibti ¼ 0 ð21Þ
where the terms K, q, and p are given by, Kik ¼ Lð0Þijklnjnl; qi ¼ eð0Þkij njnk
and p ¼ jð0Þik nink, the explicit forms of which have been given for a
periodic square, hexagonal and cubic distribution of ﬁbers/pores
in Appendix C. The Eqs. (20) and (21) can then be used to solve
for the components of the periodic displacement and electric poten-
tial in Fourier space which are given by:cum ¼ iNminjbsij þ ipNmiqibtknk ð22Þ
and
c/ ¼ i
p
qkNkinjbsij þ ip 1pqkNkiqi  1
 
nlbt l ð23Þ
where K and N represent the acoustic tensor of the homogeneous
reference medium and its inverse, respectively. The ðbÞ denotes
the Fourier transform of the corresponding ﬁeld within the paren-
thesis (for e.g., bu is the Fourier transform of displacement). To solve
for the periodic strains and electric ﬁelds in the Fourier space we
take the gradients of the displacement and electric potential. The ﬁ-
nal expressions for strain and electric ﬁeld are in the form of the
periodic Lippmann–Schwinger integral equation (in Fourier space)
(Michel et al., 2001) given by:
dum;n ¼ Nminjnnbsij  1pNmiqinnnkbtk ð24Þ
and
c/;p ¼ 1pqkNkinjnpbsij  1p 1pqkNkiqi  1
 
npnlbt l ð25Þ
The above equations can be further simpliﬁed by identifying the 3
period Green’s operators associated with the elastic, piezoelectric,
and dielectric constants, respectively. The expressions for the
Green’s operators are given by:
Hmnji ¼ Nminjnn ð26Þ
bkmn ¼
1
p
Nmiqinnnk ð27Þ
cpl ¼
1
p
1
p
qkNkiqi  1
 
npnl ð28Þ3.2. Equations for strain and electric ﬁeld
The periodic strains derived in the previous section can be com-
bined with the applied strain, e0, on the boundary of the unit cell
assemblage to yield an expression for the overall strain in the unit
cell. The equations for the gradient of displacement and the electric
ﬁeld in the unit cell are given by:
um;n ¼ e0mn 
X
n2Rf0g
Hmnijbsijeinx  X
n2Rf0g
bkmnbtkeinx ð29Þ
and
/;p ¼ /0;p 
X
n2Rf0g
bpijbsijeinx  X
n2Rf0g
cplbt leinx ð30Þ
The polarizations in the stress and electric ﬁeld are constant in the
phase (matrix/particle) but are overall non-homogeneous in the
representative volume element. When solving the above set of
equations it is common to assume piece-wise constant polariza-
tion ﬁelds. This provides a good approximation when computing
the overall properties of the periodic piezoelectric composite and
gives us bounds for the electromechanical properties as shall be
seen with the comparisons with ﬁnite-element analysis results.
For constant polarization ﬁelds it can be shown the bounds ob-
tained are those of Voigt and Reuss depending on the chosen ﬁeld,
i.e., by assuming constant strain we obtain Voigt bounds and by
assuming constant stress polarization we obtain Reuss bounds.
The polarization ﬁelds are not required to satisfy the compatibility
equation because they are trial ﬁelds for stress and electric dis-
placement. From the deﬁnition of the Fourier transform of the
polarization ﬁelds we have, bsij ¼ hsijðxÞeinxi and bt l ¼ htlðxÞeinxi.
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phases, we can use a ﬁrst-order (piece-wise constant) approxima-
tion to deﬁne the polarization ﬁeld in terms of a characteristic
function, in real space as,
sijðxÞ ¼
Xn
r¼1
vðrÞðxÞsij; tiðxÞ ¼
Xn
r¼1
vðrÞðxÞti ð31Þ
where vðrÞ is the characteristic function, the value of which is
equal to 1 when x 2 r and zero otherwise. After evaluating the vol-
ume integrals (from the deﬁnition of the Fourier transform) we
obtain,
bsij ¼Xn
r¼1
cðrÞsðrÞij heinxiðrÞ; bt i ¼Xn
r¼1
cðrÞtðrÞi heinxiðrÞ ð32Þ
where the hi operator denotes the volume average given by,
1
jV j
R
V e
inxdx. For a two-phase composite we choose the properties
of the reference medium such that the polarization in the matrix
phase is zero. This is achieved by making ½Lð0Þ; eð0Þ;jð0Þ ¼
½Lð1Þ; eð1Þ;jð1Þ. Eq. (32) can then be further simpliﬁed by making
use of the fact that the polarization in the matrix is zero, to obtain
the expression for bsij given by,
bsij ¼ cð2ÞðDLð2Þijmneð2Þmn þ Dekij/ð2Þ;k Þheinxið2Þ ð33Þ
and the polarization btl as,
btl ¼ cð2ÞðDeð2Þlmneð2Þmn  Djlm/ð2Þ;m Þheinxið2Þ ð34Þ
We can determine the average strains in the particle phase by
substituting the above deﬁned equations for polarizations in stress
and electric displacement in Eqs. (29) and (30) to obtain,
eð2Þmn ¼ e0mn 
X
n2Rf0g
cð2ÞHsmnijheinxið2Þheinxið2ÞðDLð2Þijpqeð2Þpq þ Dekij/ð2Þ;k Þ

X
n2Rf0g
cð2Þbskmnheinxið2Þheinxið2ÞðDeð2Þlmneð2Þmn  Djlm/ð2Þ;m Þ ð35Þ
and
/ð2Þ;p ¼ /0;p 
X
n2Rf0g
cð2Þbspijheinxið2Þheinxið2ÞðDLð2Þijmneð2Þmn þ Dekij/ð2Þ;k Þ

X
n2Rf0g
cð2Þcsplheinxið2Þheinxið2ÞðDeð2Þlmneð2Þmn  Djlm/ð2Þ;m Þ ð36Þ
The superscript ‘s’ implies that the tensor has been symmetrized in
order to obtain the symmetric part of the gradient of displacement.
The symmetrization is carried out as follows, Hsijmn ¼ 14 ðHijmnþ
Hjimn þHijnm þHmnijÞ; bsimn ¼ 12 ðbimn þ binmÞ, and csmn ¼ 12 ðcmn þ cnmÞ.
We deﬁne the three microstructural tensors, P;Q ; and R, the
components of which depend on the fundamental property tensors
of the matrix (elastic, piezoelectric and dielectric), the shape of the
inclusion/exclusion as well as its distribution in the matrix phase.
From the above Eqs. (35) and (36) we can write the strain and
electric ﬁeld in the particle phase in terms of the microstructural
tensors as:
eð2Þmn ¼ e0mn  Pð22ÞijmnDLð2Þijpq þ Q ð22ÞkmnDeð2Þkpq
h i
eð2Þpq
 Pð22ÞijmnDeð2Þpij  Q ð22ÞkmnDjð2Þkp
h i
/ð2Þ;p ð37Þ
and
/ð2Þ;p ¼ /0;p  Q ð22Þpij DLð2Þijmn þ Rð22Þpl Deð2Þlmn
h i
eð2Þmn
 Q ð22Þpij Deð2Þkij  Rð22Þpl Djð2Þlk
h i
/ð2Þ
;k ð38Þ
where the microstructural tensors can be expressed in terms of the
periodic Green’s operators by,Pð22Þijmn ¼
X
n2Rf0g
cð2ÞHsmnijheinxið2Þheinxið2Þ; ð39Þ
Q ð22Þkmn ¼
X
n2Rf0g
cð2Þbskmnheinxið2Þheinxið2Þ; ð40Þ
Rð22Þpl ¼
X
n2Rf0g
cð2Þcsplheinxið2Þheinxið2Þ: ð41Þ
Following are the equations for the effective elastic, piezoelec-
tric and dielectric moduli for a general n-phase composite. The
expressions for the effective moduli tensors for a two-phase com-
posite can be found in the Appendix A of this paper. The above de-
ﬁned microstructural tensors are also termed as the equivalent
Eshelby tensors for a periodic piezoelectric composite. The overall
effective electromechanical material constants can be derived from
the average strain and electric ﬁelds and are given by,
eLijkl ¼ LðnÞijkl þXn1
r¼1
cðrÞðLðrÞijmn  LðnÞijmnÞAðrÞmnkl þ
Xn1
r¼1
cðrÞðeðrÞpij  eðnÞpij ÞBðrÞpkl ð42Þ
eimn ¼ eðnÞimn þXn1
r¼1
cðrÞðeðrÞikl  eðnÞikl ÞAðrÞklmn 
Xn1
r¼1
cðrÞðjðrÞik  jðnÞik ÞBðrÞkmn ð43Þ
ejin ¼ jðnÞin þXn1
r¼1
cðrÞðjðrÞik  jðnÞik ÞbðrÞkn 
Xn1
r¼1
cðrÞðeðrÞikl  eðnÞikl ÞaðrÞkln ð44Þ
where A and B are the strain concentration tensors and a and b are
the electric ﬁeld concentration tensors. The explicit forms of the
concentration tensors are presented in Appendix A.3.3. Calculating the vectors in Fourier space
To calculate the properties of the effective electromechanical
tensors, eL; e, and bj, we need to evaluate the equivalent vectors
in Fourier space describing the microstructure of the given unit cell
conﬁguration. In the equations used to compute the microstruc-
tural tensors P; Q , and R (see Appendix B), we deﬁne the Fourier
vectors in the reciprocal lattice as,
R ¼ fn jn ¼ n1G1 þ n2G2 þ n3G3; ni 2 Zg ð45Þ
with
G1 ¼ 2p Y2 ^ Y3Y1  ðY2 ^ Y3Þ ; G2 ¼ 2p
Y3 ^ Y1
Y1  ðY2 ^ Y3Þ ; G3
¼ 2p Y1 ^ Y2
Y1  ðY2 ^ Y3Þ ð46Þ
Here, the base vectors Yi (i ¼ 1;2;3) characterize the periodic distri-
bution of the ﬁbers in the real space (i.e., in R3). The expressions for
the cubic and square distribution of the pores as shown in Figs. 3
and 4 are given by;
Y1 ¼ dð1;0;0Þ; Y2 ¼ dð0;1;0Þ; Y3 ¼ dð1;0;0Þ ð47ÞY1 ¼ dð1;0;0Þ; Y2 ¼ dð0;1;0Þ; Y3 ¼ 1 ð48Þ
where, the rectangular Cartesian basis feig denotes the frame of ref-
erence in the real space, d3 !1;d1, and d2, serving to describe the
in-plane distribution of the long cylindrical pores, as depicted by
Fig. 4(a). For the case of the spherical pores in a cubic distribution,
we have d1 ¼ d2 ¼ d3 ¼ d, which describes the distribution of the
pores in the three Cartesian coordinates (see Fig. 3). The specializa-
tion of expressions (47) and (48) to the case of square distribution
of cylindrical pores, hexagonal distribution of cylindrical pores
and cubic distribution of spherical pores is provided in Appendix B.
Fig. 3. Schematic representation of the microstructure showing a cubic distribution
of spherical pores.
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fundamental properties and ﬁgures of merit of piezoelectric
composite materials
4.1. Aspects of the three-dimensional ﬁnite-element model
A unit cell based three-dimensional ﬁnite element model is in-
voked in the present study where in the complete electromechan-
ical response of an inﬁnitely large periodic piezoelectric composite
material is captured by characterizing the electromechanical
behaviour of a unit cell. Since the unit cell is designed to capture
the response of the entire composite material certain boundary
conditions must be enforced to make sure that the deformation
and electric potential of a unit cell are compatible across its bound-
aries with the adjacent unit cells (Kar-Gupta and Venkatesh, 2008).
In the present study, two types of three-dimensional unit cells
were constructed in order to characterize the electromechanical
response of piezoelectric materials with long cylindrical pores
(1–3 type) and with closed spherical pores (3–0 type). In order to
maintain the periodicity of the electromechanical loading across
the boundary of the unit cell the following boundary conditions
are imposed:Fig. 4. Schematic representation showing the in-plane ﬁber distribution and geometrical
distribution of cylindrical pores.ðiÞ Periodicity in the 1-direction is given by : PRPA¼ PSPB;
PRRPAA¼ PSSPBB; PV PA¼ PW PB; PVV PDD¼ PWW PCC
PXMPA¼ PXPPB:
ðiiÞ Periodicity in the 2-direction is given by : PT PD¼ PUPA;
PTT PDD¼ PUUPAA; PWW PC ¼ PW PB; PYPPC ¼ PYMPB
PXMPA¼ PXPPB:
ðiiiÞ Periodicity in the 3-direction is given by : PUUPAA¼ PUPA;
PSSPAA ¼ PSPA; PZPPAA¼ PZMPA:
By subjecting a particular unit cell to a set of controlled
mechanical and electrical loading conditions and characterizing
its response, all 45 material constants of a piezoelectric composite
can be determined. The main feature of this three-dimensional ﬁ-
nite-element model is that both types of unit cells are subject to a
common set of electrical and mechanical loading conditions in or-
der to determine the components of the electroelastic moduli of a
given composite.
The ﬁnite-element analysis for the unit cell is carried out using
commercially available software (ABAQUS). Eight-node linear pie-
zoelectric brick (C3D8E) elements are used to mesh the unit cell.
Each node is allowed a total of four degrees of freedom (i.e.,
1,2,3) and one electric potential degree of freedom (i.e., 9). The
nodes located on the vertices of the unit cell,
AðAAÞ;BðBBÞ;CðCCÞ;DðDDÞ, are designated as master nodes, and P
refers to all the four degrees of freedom (i.e., P ¼ 1;2;3;9). The con-
straint equations are such that they allow the master nodes to con-
trol the overall behaviour of the unit cell. All loads (mechanical and
electrical) are applied to the master nodes only. The master node A
is ﬁxed and electrically grounded for all simulations to prevent ri-
gid body motion (PA ¼ 0 for P ¼ 1;2;3;9).
A detailed description of the constraint equations and the meth-
od used to determine all 45 (21 elastic, 15 piezoelectric, and 6
dielectric) independent electroelastic constants has been given in
the Appendix of Ref. (Kar-Gupta and Venkatesh, 2008). Details of
the ﬁnite element mesh created for modeling a piezoelectric mate-
rial with spherical porosity are presented in Fig. 54.2. Piezoelectric ﬁgures of merit
In order to assess the performance characteristics of devices
made from piezoelectric composites, several ﬁgures of merit are
generally identiﬁed. In order to assess the suitability of porous pie-parameters of: (a) a square distribution of long cylindrical pores, and (b) a hexagonal
Fig. 5. The ﬁnite element mesh used to model the properties of a (3–0) type porous piezoelectric system with spherical porosity – (a) a cross-section of unit cell showing the
details of the mesh on the boundary of the spherical pore, and (b) the mesh on the surface of the unit cell showing the location of the masters nodes on the vertices of the unit
cell.
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following four ﬁgures of merit are typically considered: the piezo-
electric coupling constant (kt), the acoustic impedance (Z), the pie-
zoelectric charge coefﬁcient (dh), and the hydrostatic ﬁgure of
merit (dh  gh).
In the following subsections, the Voigt contracted notation is
used to express the four ﬁgures of merit identiﬁed in the present
study. According to this notation the indices, 11 ¼ 1;
22 ¼ 2; 33 ¼ 3; 23 ¼ 4; 13 ¼ 5; 12 ¼ 6. Therefore L1111 ¼ C11;
L3333 ¼ C33; L2323 ¼ C44, etc.
4.2.1. Piezoelectric coupling constant
The thickness-mode piezoelectric coupling constant,
kt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 CE33=CD33
q
(in the longitudinal extension mode) describes
the efﬁciency of conversion between the electrical and mechanical
energy by the piezoelectric material. The ratio of the stored
converted energy of one kind (mechanical or electrical) to the
input energy of the second kind (electrical or mechanical) is
deﬁned as the square of the coupling coefﬁcient. Materials with
larger coupling constants (1) are typically more desired.
4.2.2. Acoustic impedance
The acoustic impedance (Z) given by Z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CD33q
q
, represents the
overall acoustic load at the interface between the hydrophone/
device and the environment, where q is the effective density of
the material. Good impedance matching between the device and
the surrounding media is essential to enhance the performance
of the hydrophone. Since porous piezoelectric materials have lower
densities than pore-free materials they are targeted for use in
hydrophone applications. The effective density is calculated using
the formula, q ¼ cð1Þqð1Þ þ cð2Þqð2Þ, where cð1Þ; cð2Þ are the volume
fractions of the two phases and qð1Þ;qð2Þ, are their respective
densities.
4.2.3. Hydrostatic strain coefﬁcient
The hydrostatic (or piezoelectric) strain coefﬁcient,
dh ¼ d31 þ d32 þ d33, is the measure of the effective strength of elec-
tromechanical coupling in a piezoelectric material. It is especially
important in the conversion of mechanical loads (under hydro-
static loading) to electrical signals (in a given direction, e.g., 3). It
describes the polarization that results from a change in hydrostatic
stress. To enhance the sensitivity of the hydrophone to the detec-
tion of sound, a large value for the piezoelectric charge coefﬁcientis desired. The piezoelectric strain coefﬁcient (d) can be evaluated
from the piezoelectric stress coefﬁcient (e) as, dijk ¼ eimnSEmnjk,
where SE is the elastic compliance tensor.
4.2.4. Hydrostatic ﬁgure of merit
The hydrostatic ﬁgure of merit, dh  gh deﬁnes the hydrophones’
sensing and actuating capability. The sensitivity of a hydrophone
depends primarily on the voltage that is produced by a hydrostatic
pressure wave. The hydrostatic voltage coefﬁcient, gh, relates the
electric ﬁeld across a transducer to the applied hydrostatic stress,
and is therefore an important parameter for evaluating piezoelec-
tric materials for use in hydrophones. The gh coefﬁcient is related
to the dh coefﬁcient by the permittivity constant (j33) as
gh ¼ dh=j33. Porous piezoelectric materials usually demonstrate
higher values for the hydrostatic ﬁgure of merit than fully dense
monolithic piezoelectric materials or pore-free piezo-ceramic
composites.
The results obtained from the analytical model and their rela-
tionship to the results obtained from the ﬁnite element models
are discussed in the following Section 5.5. Results and discussion
The analytical model developed in the present study is invoked
to predict the complete set of elastic, dielectric and piezoelectric
properties of two solid (3–1 type) ﬁber composite systems and
three porous ((3–0 type) and (3–1 type)) piezoelectric material
systems (that exhibit varying degrees of anisotropy) over a wide
range of volume fractions. The predictions of the analytical model
developed in the present study are compared to that of an analyt-
ical model developed earlier for piezoelectric composites with
transversely isotropic constituents and a three-dimensional ﬁnite
element model developed in the present study for piezoelectric
composites with anisotropic constituents. The properties of the
piezoelectric materials considered in the present work are given
in Table 3.
5.1. Comparison of the fundamental electromechanical properties
predicted by the analytical model with an existing analytical model for
piezoelectric composites with transversely isotropic constituents
The electro-elastic moduli predicted by the analytical model
developed in the present study are compared to that of the
Fig. 6. The variation of the electromechanical properties of a (3–1) type piezoelectric composite with ﬁbers aligned in the direction of poling with volume fraction predicted
by the analytical model developed in the present study and the asymptotic homogenization-based model (AHM) (Bravo-Castillero et al., 2001) in model Barium Titanate –
PZT-7A and PVDF – PZT-7A systems.
Table 3
The room-temperature fundamental electromechanical properties of the piezoelectric materials, Barium Titanate, Barium Sodium Niobate, Lithium Niobate, and PVDF (single
crystals) and PZT-7A (polycrystal), utilized in the analytical and ﬁnite-element models. The values for (C; e; j) are given in (Pa; C=m2 ;C=Vm), respectively (Jaffe and Berlincourt,
1965; Warner et al., 1969; Warner et al., 1967; Wang et al., 1993).
Barium Titanate Barium Sodium Niobate Lithium Niobate PZT-7A PVDF
BaTiO3 Ba2NaNb5O15 LiNbO3 PbðZrxTi1xÞO3 ðC2H2F2Þn
C11 1.504E + 11 2.389E + 11 2.029E + 11 1.480E + 11 4.840E + 09
C12 6.563E + 10 1.042E + 11 5.292E + 10 7.620E + 10 2.720E + 09
C22 1.504E + 11 2.474E + 11 2.029E + 11 1.480E + 11 4.840E + 09
C13 6.594E + 10 5.006E + 10 7.491E + 10 7.420E + 10 2.220E + 09
C23 6.594E + 10 5.214E + 10 7.491E + 10 7.420E + 10 2.220E + 09
C33 1.455E + 11 1.351E + 11 2.431E + 11 1.310E + 11 4.630E + 09
C14 0.000 0.000 8.999E + 09 0.000 0.000
C24 0.000 0.000 8.999E + 09 0.000 0.000
C44 4.386E + 10 6.494E + 10 5.590E + 10 2.530E + 10 5.260E + 07
C55 4.386E + 10 6.579E + 10 5.590E + 10 2.530E + 10 5.260E + 07
C56 0.000 0.000 8.985E + 09 0.000 0.000
C66 4.237E + 10 7.576E + 10 7.488E + 10 3.590E + 10 1.060E + 09
e15 11.404 2.763 3.424 9.310 1.999E03
e16 0.000 0.000 2.534 0.000 0.000
e21 0.000 0.000 2.538 0.000 0.000
e22 0.000 0.000 2.538 0.000 0.000
e24 11.404 3.377 3.423 9.310 1.999E03
e31 4.322 0.445 0.194 2.324 4.344E03
e32 4.322 0.285 0.194 2.324 4.344E03
e33 17.36 4.335 1.309 10.99 1.099E01
j11 1.284E08 2.081E09 7.437E10 3.984E09 6.641E11
j22 1.284E08 2.187E09 7.437E10 3.984E09 6.641E11
j33 1.505E08 4.516E10 2.656E10 2.081E09 7.083E11
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Bravo-Castillero et al. (2001), which provides explicit expressions
for the electromechanical properties of 3–1 type piezoelectric ﬁber
composites with transversely isotropic consituents. (The model
developed by Bravo-Castillero et al. is applicable to ﬁber compos-
ites with a square distribution of ﬁbers.) Two material systems,
i.e., a ceramic–ceramic (Barium Titanate (matrix)–PZT-7A (ﬁber))
and a polymer–ceramic (PVDF (matrix)–PZT-7A (ﬁber)) were
chosen for the analysis.The two material systems were chosen to represent a range of
material systems where the constituent phases have relatively
similar electromechanical properties (i.e., Barium Titanate–PZT-
7A) as well as systems where one phase is considerable stiffer than
the other phase (i.e., PVDF–PZT-7A). Overall the electromechanical
properties predicted by the analytical model developed in the pres-
ent study compare well with those predicted by the model pre-
sented by Bravo-Castillero et al. (2001) (Fig. 6) for both the
composite material systems. The largest difference between the
Fig. 7. The variation of the elastic properties of a (3–0) type porous piezoelectric material with porosity volume fraction predicted by the analytical model and the ﬁnite
element model in a model barium sodium niobate single crystal piezoelectric system.
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longitudinal stiffness constant C33 in the PVDF–PZT-7A system
and found to be about 17% at 50% ﬁber volume fraction. The elas-
tic properties in the ‘‘transverse’’ direction C11 and C22 show only a
3% difference at 50% ﬁber volume fraction.5.2. Comparison of the fundamental electromechanical properties
predicted by the analytical model and the ﬁnite element model
While prior studies have been successful in estimating the over-
all properties of composites with transversely isotropic particle
and matrix phases, the model developed in the present study can
predict the components of the effective moduli for any anisotropic
periodic piezoelectric composite. For e.g., Dunn and Taya (1993b)
and Mikata (2000)) have presented models that give explicit solu-
tions for the components of equivalent Eshelby tensor for trans-
versely isotropic phases but do not give closed-form solutions for
anisotropic inclusions. Also their works speciﬁcally dealt with sin-
gle inclusions in inﬁnite media, which is the equivalent Eshelby
problem for piezoelectric materials. An external scheme (in their
case the Mori–Tanaka mean ﬁeld approach) has to then be applied
to the solution for a single inclusion to predict the effective prop-
erties across ﬁnite volume fractions. On the other hand, our analyt-
ical model (based on Suquet estimates (Michel et al., 1999)) take
into account the distribution of the particle in the matrix phase
and give solutions for effective moduli at ﬁnite volume fractions
as well. That the analytical model developed in the present study
yields accurate predictions for all the effective electromechanical
constants for a periodic piezoelectric composite is demonstrated
in the following sections. However, we note that this model does
not take into account any interactions between particles in adja-
cent unit cells and the accuracy of the model predictions at the per-
colation limit has not been assessed.
Fig. 7 presents a comparison of the elastic constants predicted by
the analytical model and the ﬁnite element model developed in the
present study and their variation with volume fraction of porosity
for a model anisotropic piezoelectric system (i.e., barium sodium
niobate single crystal which exhibits mm2 crystal symmetry). It isevident that the analytical model works well in predicting all the
independent constants with the difference between the analytical
model predictions and the ﬁnite-element model predictions being
less than 4% for all constants. This demonstrates the utility of the
analytical model developed in the present study where even a lin-
ear approximation for the stress and electric ﬁeld polarizations
yields fairly accurate results for predicting the elastic properties
of the piezoelectric composite.
A comparison between the overall piezoelectric and dielectric
constants obtained from the analytical and ﬁnite-element model
is presented in Fig. 8. Here again it is observed that the there is very
good agreement between the predictions given by the two models.
As expected, the piezoelectric constants (e15; e24; e31 and e32) and
the dielectric constants (j11;j22, and j33) show decreasing trends
with increase in porosity volume fraction.5.3. Comparison of the ﬁgures of merit predicted by the analytical
model and the ﬁnite element model
To demonstrate the applicability of the current analytical model
in predicting the properties of piezoelectric composite materials
that belong to several crystal symmetry classes, the analytical
model was invoked for three model piezoelectric single crystal
material systems, each with spherical and cylindrical porosity.
Subsequently, four ﬁgures of merit that are important for practical
applications of porous piezoelectric materials were also identiﬁed
for a range of porosity volume fractions. In general, all the four ﬁg-
ures of merit are well-predicted by the analytical model and
showed a high degree of correspondence when compared with
the results of the ﬁnite-element model (with the maximum differ-
ences between the predictions of the analytical model and the ﬁnal
element model being less than 2%). Of particular interest to note
are the values for the piezoelectric strain coefﬁcient (dh) and the
hydrostatic ﬁgure of merit (dh  gh) for the case of piezoelectric
materials with spherical porosity in all three materials (Fig. 9).
The steep increase in the values of these ﬁgures of merit with
increasing porosity had been observed earlier by Iyer and
Venkatesh (2011) and Iyer and Venkatesh (2010), making
Fig. 8. The variation of the piezoelectric and dielectric properties of a (3–0) type porous piezoelectric material with porosity volume fraction predicted by the analytical
model and the ﬁnite element model in a model barium sodium niobate single crystal piezoelectric system.
Fig. 9. The variation of select ﬁgures of merit in (3–0) type and (3–1) type porous piezoelectric materials with porosity volume fraction predicted by the analytical model and
the ﬁnite element model in three model single crystal piezoelectric systems.
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ne sensing applications.
6. Conclusions
Several analytical models have been developed to predict the
fundamental properties of select classes of piezoelectric composite
materials such as those that exhibit transverse isotropy. Further-
more, ﬁnite element based numerical models have been developed
to predict the electromechanical properties of piezoelectric com-
posites with anisotropic constituents. However, an analytical mod-
el that provides explicit closed-form solutions to the most generalproblem of a piezoelectric composite with anisotropic particulate
constituents is not yet available.
In the present study, an analytical framework, based on the
homogenization methods developed by Michel et al. (1999), has
been developed to predict the effective properties of periodic
anisotropic particulate composites. Expressions have been pro-
vided for the effective moduli tensors of n-phase composites based
on the respective strain and electric ﬁeld concentration tensors.
Previous analytical models developed by Dunn and Taya (1993b)
and Mikata (2001) provide closed-form expressions for the electro-
mechanical properties of single inclusions in inﬁnite transversely
isotropic media. Hence, the analytical model presented in this
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the periodic composite and incorporating a scheme that results in
the prediction of the overall electromechanical constants of piezo-
electric composites for ﬁnite volume fractions. Furthermore, in the
present study, no dependence on material symmetry is assumed
when deriving the equivalent Eshelby tensors for the periodic
composite.
By taking into account the shape and distribution of the inclu-
sion and by invoking a simple numerical procedure, solutions for
the electromechanical properties of a general anisotropic inclusion
in an anisotropic matrix are obtained. While analytical expressions
are provided for composites with spherical and cylindrical inclu-
sions, numerical evaluation of integrals over the composite micro-
structure is required in order to obtain the expressions for a
general ellipsoidal particle in a piezoelectric matrix. It can also
be shown that the approximation that the polarization ﬁelds be
piece-wise continuous yield Hashin–Shtrikman type bounds for
the effective moduli tensors.
The predictions of the analytical model developed in the pres-
ent study for the electroelastic moduli of piezoelectric compos-
ites demonstrate excellent agreement with the results obtained
from three-dimensional ﬁnite-element models for several piezo-
electric systems that exhibit varying degrees of elastic
anisotropy.
However, the analytical model developed in this study has
some limitations. The interactions between particles at high vol-
ume fractions are not taken into consideration. Furthermore, this
model is not applicable to composites with a random distribution
of particles in the matrix phase. Nevertheless, the theory is general
in terms of predicting the overall electromechanical properties for
periodic piezoelectric composites with n-phases and anisotropic
fundamental property tensors.
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Appendix A. The concentration tensors for strain and electric
ﬁeld A, a, B, b
The expressions for the average strain and electric ﬁeld in the
particle phase can be used to derive expressions for the effective
elastic, piezoelectric, and dielectric tensors. Solving (37) and (38)
for the two unknowns eð2Þmn and /
ð2Þ
mn we obtain equations with the
following form:-
eð2Þkl ¼ Að2Þmnkle0mn þ að2Þklq/0;q; /;oð2Þ ¼ Bð2Þomne0mn þ bð2Þop /0;p ðA:1Þ
where A and a are the strain concentration tensors for the particle
phase and B and b are the corresponding electric ﬁeld concentration
tensors. The expressions for the effective moduli tensors in terms of
the concentration tensors are given by:
eLijkl ¼ Lð1Þijkl þ cð2ÞDLð2ÞijmnAð2Þmnkl þ cð2ÞDeð2Þpij Bð2Þpkl ðA:2Þeimn ¼ eð1Þimn þ cð2ÞDeð2Þikl Að2Þklmn  cð2ÞDjð2Þik Bð2Þkmn ðA:3Þejin ¼ jð1Þin þ cð2ÞDjð2Þik bð2Þkn  cð2ÞDeð2Þikl að2Þkln ðA:4Þ
The explicit expressions for the concentration tensors in terms of
the microstructural tensors, are given below. At this point it would
worthwhile to mention that solving for the fourth-order strain con-
centration tensor Að2Þ would require the implementation of a
numerical code capable of solving 36 equations in 36 unknowns
in order to determine all its independent components. Note that
the concentration tensor Að2Þ only has minor symmetry.Að2Þ ¼ ½IsðPð22ÞDLð2Þ þQ ð22ÞDeð2ÞÞðPð22ÞDeð2Þ Q ð22ÞDjð2ÞÞ
fIðQ ð22ÞDeð2Þ Rð22ÞDjð2ÞÞg1ðQ ð22ÞDLð2Þ þRð22ÞDeð2ÞÞ1 ðA:5Þ
að2Þ ¼Að2ÞðPð22ÞDeð22Þ Q ð22ÞDjð2ÞÞfIðQ ð22ÞDeð2Þ Rð22ÞDjð2ÞÞg1 ðA:6Þ
Bð2Þ ¼fIðQ ð22ÞDeð2Þ Rð22ÞDjð2ÞÞg1ðQ ð22ÞDLð2Þ þRð22ÞDeð2ÞÞAð2Þ ðA:7Þ
bð2Þ ¼ fI ðQ ð22ÞDeð2Þ  Rð22ÞDjð2ÞÞg1 þ Bð2ÞðPð22ÞDeð2Þ
 Q ð22ÞDjð2ÞÞfI ðQ ð22ÞDeð2Þ  Rð22ÞDjð2ÞÞg1 ðA:8Þ
where the tensors I and Is are the 2nd and 4th order identity ten-
sors, respectively. The symmetric 4th-order identity tensor is de-
ﬁned in terms of the Kronecker delta as follows:
Isijkl ¼
1
2
ðdikdjl þ dildjkÞ ðA:9Þ
dij ¼
1 if i ¼ j;
0 if i– j:

ðA:10ÞAppendix B. The microstructural tensors P, Q, R
In this appendix, explicit expressions for the components of the
microstructural tensors P; Q ; R which characterize the three
types of geometric conﬁgurations i.e., (a) periodic square distribu-
tion of long pores/ﬁbers, (b) periodic cubic distribution of spheres,
and (c) hexagonal distribution of long pores/ﬁbers, have been
given.
B.1. Periodic square distribution
For the periodic square distribution, the base vectors Yi
(i ¼ 1;2;3) are given by Y1 ¼ de1; Y2 ¼ de2; Y3 ¼ 1e3, where d
is the length of edge of the square.
Pijmn ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2ÞHsijmn
4J21ðbkÞ
b2k2
; ðA:11Þ
Q ijk ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2Þbsijk
4J21ðbkÞ
b2k2
; ðA:12Þ
Rij ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2Þcsij
4J21ðbkÞ
b2k2
; ðA:13Þ
where n1 ¼ 2pn1=d; n2 ¼ 2pn2=d; n3 ¼ 0; b ¼
ﬃﬃﬃﬃﬃ
cð2Þ
p
q
, and
k ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21 þ n22
q
and it is recalled that J1ðÞ is the Bessel function
of ﬁrst kind and cð2Þ is the volume fraction of the second phase.
The superscript ‘‘s’’ on the tensors on the right-hand side indicates
symmetrization.
B.2. Periodic cubic distribution
For the periodic cubic distribution of spherical voids, the base
vectors Yi (i ¼ 1;2;3) are given by Y1 ¼ de1; Y2 ¼ de2; Y3 ¼ de3.
The expressions for P; Q ; R specializes to:
Pijmn ¼
Xþ1
n1¼1
Xþ1
n2¼1
Xþ1
n3¼1
fn1 ¼ n2 ¼ n3 ¼ 0g
cð2ÞHsijmn
3ðbk cosðbkÞ þ sinðbkÞÞ
b3k3
 2
;
ðA:14Þ
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Xþ1
n1¼1
Xþ1
n2¼1
Xþ1
n3¼1
fn1 ¼ n2 ¼ n3 ¼ 0g
cð2Þbsijk
3ðbk cosðbkÞ þ sinðbkÞÞ
b3k3
 2
;
ðA:15ÞRij ¼
Xþ1
n1¼1
Xþ1
n2¼1
Xþ1
n3¼1
fn1 ¼ n2 ¼ n3 ¼ 0g
cð2Þcsij
3ðbk cosðbkÞ þ sinðbkÞÞ
b3k3
 2
;
ðA:16Þ
where n1 ¼ 2pn1=d; n2 ¼ 2pn2=d; n3 ¼ 2pn3=d; b ¼ 3cð2Þ4p
h i1
3
, and
k ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21 þ n22 þ n23
q
.Table A.3
A table showing all the components of the quantities used in Eq. (20) for a cubic distribu
Component Cubic
K11 4p2ðC11n21 þ
K12 ¼ K21 4p2ðC12n1n2
K13 ¼ K31 4p2ðC13n1n3
K22 4p2ðC22n22 þ
K23 ¼ K32 4p2ðC23n2n3
K33 4p2ðC33n23 þ
q1 4p2ðe11n21 þ e
q2 4p2ðe12n1n2 þ
q3 4p2ðe13n1n3 þ
p 4p2ðj11n21 þ
Table A.1
A table showing all the components of the quantities used in Eq. (20) for a square
distribution of ﬁbers/pores in a general anisotropic piezoelectric matrix.
Component Square
K11 4p2ðC11n21 þ 2C16n1n2 þ C66n22Þ=d2
K12 ¼ K21 4p2ðC12n1n2 þ C16n21 þ C26n22 þ C66n1n2Þ=d2
K13 ¼ K31 4p2ðC14n1n2 þ C15n21 þ C46n22 þ C56n1n2Þ=d2
K22 4p2ðC22n22 þ 2C26n1n2 þ C66n21Þ=d2
K23 ¼ K32 4p2ðC24n22 þ C25n1n2 þ C46n1n2 þ C56n21Þ=d2
K33 4p2ðC44n22 þ 2C45n1n2 þ C55n21Þ=d2
q1 4p2ðe11n21 þ e16n1n2 þ e21n1n2 þ e26n22Þ=d2
q2 4p2ðe12n1n2 þ e16n21 þ e22n22 þ e26n1n2Þ=d2
q3 4p2ðe14n1n2 þ e15n21 þ e24n22 þ e25n1n2Þ=d2
p 4p2ðj11n21 þ 2j12n1n2 þ j22n22Þ=d2
Table A.2
A table showing all the components of the quantities used in Eq. (20) for a hexagonal dis
Component Hexagonal
K11 ð4p2=9Þð3C11n21  2C16
p
K12 ¼ K21 ð4p2=9Þð3C16n21 þ C1
K13 ¼ K31 ð4p2=9Þð3C15n21 þ C1
K22 ð4p2=9Þð3C66n21  2C26
p
K23 ¼ K32 ð4p2=9Þð3C56n21  C25
ﬃ
3
p
K33 ð4p2=9Þð3C55n21  2C45
p
q1 ð4p2=9Þð
ﬃﬃﬃ
3
p
e16n21  2
p
q2 ð4p2=9Þð
ﬃﬃﬃ
3
p
e12n21  2
p
q3 ð4p2=9Þð
ﬃﬃﬃ
3
p
e14n21  2
p
p ð4p2=9Þð2
ﬃﬃﬃ
3
p
j12n21  4B.3. Periodic hexagonal distribution
For the periodic hexagonal distribution, the base vectors Yi
(i ¼ 1;2;3) are given by Y1 ¼
ﬃﬃﬃ
3
p
de1; Y2 ¼
ﬃﬃﬃ
3
p
d=2e1 þ 3d=2e2;
Y3 ¼ 1e3, where d is the length of the sides of the regular hexagon,
so that expressions for P; Q ; R specializes to:
Pijmn ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2ÞHsijmn
4J21ðbkÞ
b2k2
; ðA:17Þ
Q ijk ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2Þbsijk
4J21ðbkÞ
b2k2
; ðA:18Þ
Rij ¼
Xþ1
n1¼1
Xþ1
n2¼1
fn1 ¼ n2 ¼ 0g
cð2Þcsij
4J21ðbkÞ
b2k2
; ðA:19Þ
where n1 ¼ 2pn1=ð
ﬃﬃﬃ
3
p
dÞ; n2 ¼ 2pð2n2  n1Þ=3d; n3 ¼ 0. Note that
now, b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
ﬃﬃ
3
p
cð2Þ
2p
q
, and k ¼ 4p3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21  n1n2 þ n22
q
.
Appendix C. Explicit closed-form expressions for K, q and p for
a square, hexagonal and cubic distribution of ﬁbers/pores in a
general anisotropic piezoelectric matrix.
The closed-form expressions for all the components of K, q and
the scalar quantity p, derived in Eqs. (20) and (21) for square,
hexagonal and cubic distribution of ﬁbers/pores (of arbitrary
geometry) in a general anisotropic piezoelectric matrix are pro-tion of ﬁbers/pores in a general anisotropic piezoelectric matrix.
2C15n1n3 þ 2C16n1n2 þ C55n23 þ 2C56n2n3 þ C66n22Þ=d2
þ C14n1n3 þ C16n21 þ C25n2n3 þ C26n22 þ C45n23 þ C46n2n3 þ C56n1n3 þ C66n1n2Þ=d2
þ C14n1n2 þ C15n21 þ C35n23 þ C36n2n3 þ C45n2n3 þ C46n22 þ C55n1n3 þ C56n1n2Þ=d2
2C24n2n3 þ 2C26n1n2 þ C44n23 þ 2C46n1n3 þ C66n21Þ=d2
þ C24n22 þ C25n1n2 þ C34n23 þ C36n1n3 þ C44n2n3 þ C45n1n3 þ C46n1n2 þ C56n21Þ=d2
2C34n2n3 þ 2C35n1n3 þ C44n22 þ 2C45n1n2 þ C55n21Þ=d2
15n1n3 þ e16n1n2 þ e21n1n2 þ e25n2n3 þ e26n22 þ e31n1n3 þ e35n23 þ e36n2n3Þ=d2
e14n1n3 þ e16n21 þ e22n22 þ e24n2n3 þ e26n1n2 þ e32n2n3 þ e34n23 þ e36n1n3Þ=d2
e14n1n2 þ e15n21 þ e23n2n3 þ e24n22 þ e25n1n2 þ e33n23 þ e34n2n3 þ e35n1n3Þ=d2
2j12n1n2 þ 2j13n1n3 þ j22n22 þ 2j23n2n3 þ j33n23Þ=d2
tribution of ﬁbers/pores in a general anisotropic piezoelectric matrix.
ﬃﬃﬃ
3n21 þ 4C16
ﬃﬃﬃ
3
p
n1n2 þ C66n21  4C66n1n2 þ 4C66n22Þ=d2
2
ﬃﬃﬃ
3
p
n21  2C12
ﬃﬃﬃ
3
p
n1n2 þ C66
ﬃﬃﬃ
3
p
n21  2C66
ﬃﬃﬃ
3
p
n1n2  C26n21 þ 4C26n1n2  4C26n22Þ=d2
4
ﬃﬃﬃ
3
p
n21  2C14
ﬃﬃﬃ
3
p
n1n2 þ C56
ﬃﬃﬃ
3
p
n21  2C56
ﬃﬃﬃ
3
p
n1n2  C46n21 þ 4C46n1n2  4C46n22Þ=d2ﬃﬃﬃ
3n21 þ 4C26
ﬃﬃﬃ
3
p
n1n2 þ C22n21  4C22n1n2 þ 4C22n22Þ=d2ﬃﬃ
n21 þ 2C25
ﬃﬃﬃ
3
p
n1n2  C46
ﬃﬃﬃ
3
p
n21 þ 2C46
ﬃﬃﬃ
3
p
n1n2 þ C24n21  4C24n1n2 þ 4C24n22Þ=d2ﬃﬃﬃ
3n21 þ 4C45
ﬃﬃﬃ
3
p
n1n2 þ C44n21  4C44n1n2 þ 4C44n22Þ=d2ﬃﬃﬃ
3e16n1n2 þ
ﬃﬃﬃ
3
p
e21n21  2
ﬃﬃﬃ
3
p
e21n1n2  3e11n21  e26n21 þ 4e26n1n2  4e26n22Þ=d2ﬃﬃﬃ
3e12n1n2 þ
ﬃﬃﬃ
3
p
e26n21  2
ﬃﬃﬃ
3
p
e26n1n2  3e16n21  e22n21 þ 4e22n1n2  4e22n22Þ=d2ﬃﬃﬃ
3e14n1n2 þ
ﬃﬃﬃ
3
p
e25n21  2
ﬃﬃﬃ
3
p
e25n1n2  3e15n21  e24n21 þ 4e24n1n2  4e24n22Þ=d2ﬃﬃﬃ
3
p
j12n1n2  3j11n21  j22n21 þ 4j22n1n2  4j22n22Þ=d2
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components of K, q and p are dependent on the periodic distribu-
tion of the second phase as well the elastic, piezoelectric and
dielectric constants. The periodic Green’s operators given in Eqs.
(26)–(28), can be derived by using the expressions provided in
the tables. The notation used in the tables is the Voigt contracted
notation as explained in Section 4. According to this notation the
indices, 11 ¼ 1; 22 ¼ 2; 33 ¼ 3; 23 ¼ 4; 13 ¼ 5; 12 ¼ 6. There-
fore L1111 ¼ C11; L3333 ¼ C33; L2323 ¼ C44, etc. The second subscript
of the piezoelectric constants follow the aforementioned Voigt
notation, whereby e111 ¼ e11; e122 ¼ e12; e133 ¼ e13; e123 ¼ e14, etc.
The quantity denoted by ‘‘d’’ is the length of the sides of the square,
cube or hexagonal unit-cell. The inverse of the acoustic tensor gi-
ven by N can be obtained from K by using the expression, Nmi =
Kmi þ ð1=pÞqmqið Þ1.
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